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5.1 FE-solutions of the RTE and the DA 59
Models
The RTE was solved with the FEM with and without the streamline diffusion
modification. The standard FE-solution of the RTE was computed as described
in Section 4.1.2 using equation (4.12), and the FE-solution with the streamline
diffusion modification was computed as described in Section 4.1.3 using equation
(4.20). The “smoothing” parameter in the streamline diffusion modification was
chosen as δ = min{ 1(μa+μs) , 25(μa+μs)rj }, where rj is the distance from the source to
the jth element. The FE-mesh for the spatial discretization of the RTE contained
1778 nodal points and 3435 triangular elements. In angular discretization, 32
directions were used. As a solution of the forward problem, the radiance in the
nodal points of the FE-mesh was obtained. The photon density was computed
from the radiance using equation (3.9). Moreover, the exitance was solved on the
boundary locations on the opposite side to the source using equation (3.8).
The FE-solutions were compared with the results of Monte Carlo simulation.
The Monte Carlo simulation was performed as described in Section 4.4.1 with the
weight of the photon packet saved in each pixel which is crossed. Thus, as a result
of the Monte Carlo simulation, the photon density inside the discretized domain
and the exitance on the boundary of the domain were obtained.
Results and discussion
The logarithms of photon densities within the slab are shown in Figure 5.1 in
which the FE-solutions without the streamline diffusion modification are shown
on the left and the FE-solutions with the streamline diffusion modification are
shown on the right. The exitances on the boundary opposite to the source are
shown in Figure 5.2 which shows the FE-solutions of the RTE with and without
the streamline diffusion modification and the results of Monte Carlo simulation.
The results in Figure 5.2 were scaled according to maximum exitance value on the
boundary.
The results show that the FE-solutions of the RTE with the streamline diffusion
modification correspond well with the results of the Monte Carlo simulation in all
of the tests. Thus, the FEM can be used to accurately solve the RTE with different
optical properties. The FE-solutions of the RTE without the streamline diffusion
modification, however, show oscillating results in cases of highly scattering and
low-scattering medium. Within the low-scattering medium, the oscillations seem
to follow the directions of the angular FE-discretization. This effect is known as
the ray effect. The results indicate that the FE-solution of the RTE is sensitive to
the mesh density, and without the streamline diffusion modification, too coarse or
too dense discretizations can give unstable results.
5.1.2 Validity of the DA
The validity of the DA was tested with simulations in a medium with different
scattering properties. The simulations were carried out in a 2D circular domain
with the radius of 25mm. The centre of the circle was located at the origin and
the light source was located at
(−25 0). Different scattering properties were
60 5. Light transport simulations
Figure 5.1: Logarithms of photon densities within a slab. On the left, there are
the FE-solutions of the RTE without the streamline diffusion modification, and
on the right, the same with the streamline diffusion modification. The scattering
coefficients were μs = 5mm−1, μs = 0.5mm−1, μs = 0.05mm−1 (images from
top to bottom in the respective order).
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Figure 5.2: Exitances on the slab boundary opposite to the source. Figure shows
the FE-solutions of the RTE with and without the streamline diffusion modifica-
tion and the results of Monte Carlo simulation. The scattering coefficients were
μs = 5mm−1, μs = 0.5mm−1, and μs = 0.05mm−1 (images from left to right in
the respective order).


















5.3 Coupled RTE–DA model simulations 79
performed as described in Section 4.3. The streamline diffusion modification was
utilized in the solution of the coupled model with δ = min{ 12(μa+μs) , 5(μa+μs)rj },
where rj is the distance from the source to the jth element. In the case of the ring-
like gap, the spatial FE-discretization contained 3954 nodal points (2515 in the
RTE sub-domain and 1559 in the DA sub-domain) and 7731 triangular elements
(4735 in the RTE sub-domain and 2996 in the DA sub-domain). In the case of the
hole at the centre, the FE-discretization contained 4134 nodal points (2732 in the
RTE sub-domain and 1588 in the DA sub-domain) and 8046 triangular elements
(5058 in the RTE sub-domain and 2988 in the DA sub-domain). The angular
discretization for the RTE contained 16 (tests A and B) or 32 (test C) directions.
For comparison, the FE-solutions of the RTE and the DA in the whole domain
Ω were computed. The FE-calculations were performed as described Sections 4.1
and 4.2. where the streamline diffusion modification was applied in the solution
of the RTE. The FE-solutions of the RTE and the DA were computed in the same
spatial mesh as the FE-solution of the coupled RTE–DA model. The FE-solutions
were also compared with the results of Monte Carlo simulation. The Monte Carlo
simulations were performed as described in Section 4.4.1 with weight of the photon
packet saved on the boundary of the domain.
Case 1: ring-like gap
As the first case, a situation in which the domain contained a ring-like gap close to
the boundary (left image of Figure 5.18) was investigated. Such a domain can be
regarded as a simple example of modelling the cerebrospinal fluid layer which sur-
rounds the brain. The width of the gap was 1mm and its outer boundary located
3mm from the boundary. The optical properties of the test cases are given in Table
5.4. In all of the tests, the background absorption and scattering coefficients were
μa = 0.025mm−1 and μs = 2mm−1, respectively, and the absorption coefficient of
the gap was μa = 0.025mm−1. In the first test case (Case 1.A), the gap consisted
of low-scattering medium with μs = 0.02mm−1. The scattering probability was a
uniform distribution, and thus the scattering shape parameters of the background
medium and the gap were g = 0. In the second test case (Case 1.B), the gap con-
sisted of non-scattering medium (μs = 0mm−1) and the scattering probability of
the background medium was a uniform distribution (g = 0). Further, in the third
test case (Case 1.C), the gap consisted of low-scattering medium and the scatter-
ing probability was a forward peaked, non-uniform distribution. The scattering
coefficient of the gap was μs = 0.02mm−1 and the scattering shape parameters of
the background medium and the gap were g = 0.8 and g = 0.9, respectively.
First, the photon densities inside the domain were investigated. The results
of the low-scattering gap test (Case 1.A) are shown in Figure 5.19 which shows
the photon densities within the domain solved with the RTE, the coupled RTE–
DA model, and the DA (images from left to right in the respective order). The
logarithms of amplitudes are shown on the top row and the phase shifts are shown
on the bottom row. The photon densities along the source direction for all of
the test cases are shown in Figure 5.20. The logarithms of amplitudes against
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Figure 5.19: Logarithm of amplitude (top row) and phase shift (bottom row)
of photon density within a domain with a 1mm wide low-scattering gap (Case
1.A). From left to right: the RTE solution, the coupled RTE–DA model solution,
and the DA solution.
the distance from the source are shown on the left and the phase shifts against
the distance from the source are shown on the right. The images from top to
bottom are from the following test cases: a low-scattering gap (Case 1.A), a non-
scattering gap (Case 1.B), and forward peaked scattering (Case 1.C) where the
optical properties are as in Table 5.4. The results in Figures 5.19 and 5.20 are in
the same scale and they were scaled with respect to the source strength.
The exitances that were calculated with the coupled RTE–DA model, the RTE,
the DA, and Monte Carlo are shown in Figure 5.21. The logarithms of amplitudes
against the detection angle are shown on the left and the phase shifts against the
detection angle are shown on the right. The images from top to bottom are from
the following test cases: a low-scattering gap (Case 1.A), a non-scattering gap
(Case 1.B), and forward peaked scattering (Case 1.C). The results in Figure 5.21
are in the same scale and they were scaled with respect to the amplitude of the
measurement position closest to the source.
Examining the photon densities within the domain (Figures 5.19 and 5.20),
shows that the proposed coupled RTE–DA model gives almost the same results as
the RTE. The photon densities solved with the DA, however, differ clearly from the
RTE solution. As it can be seen from Figure 5.19, the photon density within the
gap is higher than the photon density within the surrounding background medium.
Thus, the photons tend to propagate further within the gap. The amplitudes and
phase shifts of photon densities obtained with the RTE and the coupled RTE–DA
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Table 5.5: FE-matrix sizes, number of non-zero elements, and the forward solu-
tion computation times for the RTE, the coupled RTE–DA model, and the DA
in the low-scattering gap test (Case 1.A). The number of angular directions in
the RTE discretization was 16.
Matrix size Non-zeros Time(s)
RTE: 63264 × 63264 6994432 1365.4
RTE–DA: 41799 × 41799 4381981 754.1
DA: 3954 × 3954 27322 6.4
against the detection angle are shown. The amplitudes and phase shifts solved with
the RTE, the coupled RTE–DA, and Monte Carlo are almost the same whereas
the DA solution differs clearly from the other solutions. The similar “kink” that
was noticed by [13] can be seen both in amplitude and phase data of our results
and it is located around the detection angle of 15◦. It was noticed that as the
width of the gap increases, the location of the ”kink” is displaced.
Information about FE-matrix sizes and number of non-zero elements in them
as well as the computation times for the low-scattering gap test (Case 1.A) are
given in Table 5.5. All the FE-solutions were computed using the biconjugate
gradient method with MATLAB version 7.0 (R14), (The MathWorks, Inc.). The
iterations were proceeded until they converged. As it can be seen from Table
5.5, the FE-discretization of the RTE is 162 times bigger than FE-discretization
of the DA. The coupled RTE–DA model includes both the RTE and DA sub-
domains and the size of the FE-discretization depends on the amount and size of
the low-scattering and non-scattering regions. As it can be seen from Table 5.5,
the computation times for the RTE and the coupled RTE–DA model are both
longer than for the whole domain DA. However, the coupled RTE–DA solution is
obtained almost two times faster than the solution using the RTE in the whole
domain.
Case 2: hole at the centre
As the second case, a situation in which the domain contained a hole at the centre
(right image of Figure 5.18) was investigated. The radius of the hole was 10mm.
The optical properties of the test cases were the same as in the case of the gap
and they are given in Table 5.4.
The photon densities inside the domain for the low-scattering hole test (Case
2.A) are shown in Figure 5.22. The FE-solutions from left to right are: the RTE
solution, the coupled RTE–DA model solution, and the DA solution. The loga-
rithms of amplitudes are shown on the top row and the phase shifts are shown on
the bottom row. The photon densities along the source direction for all of the test
cases are shown in Figure 5.23. The logarithms of amplitudes against the distance
from the source are shown on the left and the phase shifts against the distance
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Figure 5.22: Logarithm of amplitude (top row) and phase shift (bottom row) of
photon density within a domain with a 10mm radius low-scattering hole at the
centre (Case 2.A). From left to right: the RTE solution, the coupled RTE–DA
model solution, and the DA solution.
from the source are shown on the right. The images from top to bottom are from
the following test cases: a low-scattering hole (Case 2.A), a non-scattering hole
(Case 2.B), and forward peaked scattering (Case 2.C) where the optical properties
are as in Table 5.4.
The exitances on the boundary of the domain are shown in Figure 5.24. The
logarithms of amplitudes against the detection angle are shown on the left and the
phase shifts against the detection angle are shown on the right. The images from
top to bottom are from the following test cases: a low-scattering hole (Case 2.A),
a non-scattering hole (Case 2.B), and forward peaked scattering (Case 2.C).
Examining the photon densities inside the domain shows again that the photons
tend to propagate further within the low-scattering or non-scattering hole. This
can be seen from Figure 5.22 in which the photon densities within the domain with
the low-scattering hole (Case 2.A) are shown. The amplitudes and phase shifts of
photon densities obtained with the coupled RTE–DA model are almost equal to
the RTE solution which can be seen from Figure 5.23. The photon densities solved
with the DA, however, differ from the RTE solution especially on the location of
the hole.
Examining the exitances on the boundary of the domain and comparing the
FE-solutions with the Monte Carlo simulations supports the results. The coupled
RTE–DA model and the RTE give almost the same results as Monte Carlo which
can be seen from Figure 5.24. The DA solution does not show a clear difference
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Figure 5.26: Logarithm of amplitude (top row) and phase shift (bottom row)
of photon density within the head slice. The coupled RTE–DA model solution is
on the left and the DA solution is on the right.
directions were used. In simulations, the source was located at the bottom of the
computation domain. The location of the source is marked in Figure 5.25 with a
small triangle. The coupled RTE–DA model was solved with the FEM as described
in Section 4.3 with the streamline diffusion modification applied.
For comparison, the FE-solution of the DA was computed as described in Sec-
tion 4.2 with the diffuse source model. The FE-solution of the DA was computed
in the same spatial mesh as the FE-solution of the coupled RTE–DA model. The
FE-solutions were compared with the results of Monte Carlo simulation. The
Monte Carlo simulations were performed as in [109].
Results and discussion
The photon densities inside the head slice are shown in Figure 5.26. The coupled
RTE–DA model solution is on the left and the DA solution is on the right. The
logarithms of amplitudes are shown on the top row and the phase shifts are shown
on the bottom row. The exitances on the boundary of the head slice are shown in
Figure 5.27 which shows the exitances solved with the coupled RTE–DA model,
the DA, and Monte Carlo. The logarithms of amplitudes are shown on the left
and the phase shifts are shown on the right.
Examining the photon densities inside the domain shows that the photons tend
to propagate further within the low-scattering CSF regions. This can be seen from
Figure 5.26. The photon densities solved with the coupled RTE–DA model differ
from the solutions of the DA. Based on the previous experience, it can expected
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Figure 5.27: Logarithm of amplitude (on the left) and phase shift (on the right)
of exitance on the boundary of the head slice.
that the coupled RTE–DA model describes light propagation more accurately than
the DA.
Examining the exitances on the boundary of the domain and comparing the
FE-solutions with the Monte Carlo simulations supports the results. The coupled
RTE–DA model gives almost the same results as Monte Carlo. This can be seen
from Figure 5.27 in which the logarithms of amplitudes and phase shifts of exi-
tances on the boundary of the head slice are shown. The DA solution differs from
the other approaches clearly.
5.4 Summary
In this chapter, light transport in various media was investigated with simulations.
The validity of the FE-solutions of the RTE and the DA to describe light propa-
gation in media with different optical properties were investigated. Further, the
performance of the proposed hybrid approaches, namely the hybrid model and the
coupled RTE–DA model were investigated. The FE-solutions of the DA and the
proposed hybrid approaches were compared against the FE-solution of the RTE.
In addition, the FE-solutions were compared with the results of the Monte Carlo
simulations.
The FE-solutions of the RTE and the DA were investigated in homogeneous
media with various optical properties. The results show that the FE-solution of
the RTE gives almost the same results as the Monte Carlo simulation. Further,
utilizing the streamline diffusion modification in the solution of the RTE, improves
the FE-solution clearly. The results also show that the FE-solution of the DA
differs from the solutions of the RTE and Monte Carlo in situations in which its
approximations are not valid such as close to the source and within low-scattering
medium. However, the DA gives almost the same results as the other approaches
in highly scattering medium farther from the source. The two proposed hybrid
approaches, the hybrid model and the coupled RTE–DA model, were solved with
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Figure 6.2: Top row: relative source amplitude loss coefficient (left image) and
phase shift (right image) marked with (+) and the corresponding estimated values
marked with (◦). Bottom row: relative detector amplitude loss coefficient (left
image) and phase shift (right image) marked with (+) and the corresponding
estimated values marked with (◦).
of the estimated coupling coefficients was approximately 1%. As explained in
Section 6.1, in a rotation symmetric setup the measured amplitudes and phase
shifts should be equal with the same source–detector angle index in an ideal case
when there are no source and detector amplitude losses and phase delays. As it
can be seen from Figure 6.1, the calibration compensates for the amplitude losses
and phase delays in the data, and thus the calibrated data has much less variation
between the sources and detectors compared with the uncalibrated data.
Reconstructions
To test the effect of the calibration on the quality of reconstructed images, an-
other data was generated using the same measurement setup. Now, the medium
contained two circular inclusions. The absorption and scattering coefficients of
the inclusions were (μa, μ′s) = (0.05, 2)mm
−1 and (μa, μ′s) = (0.025, 5)mm
−1. The
simulated absorption and scattering distributions are shown in the left column of
Figure 6.3.
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Figure 6.3: Absorption coefficients (top row) and scattering coefficients (bottom
row). From left to right: simulated distributions, reconstructions from uncali-
brated data, and reconstructions from calibrated data.
The data was calibrated with equation (6.16) using the previously estimated
relative coupling coefficients. Then, the initial values of absorption and scatter-
ing coefficients (μa,0, μ′s,0), and the systematic biases (ϑ, ξ) in the calibrated data
were estimated by minimization of functional (6.19). In the minimization, the
forward model F was based on the FE-approximation of the “conventional” dif-
fusion approximation, see Section 4.2. The weight matrix was chosen similarly as
in equation (6.13), thus L = diag(Γ˜)−1. The functional (6.19) was minimized by
a Gauss-Newton algorithm that was equipped with an explicit line search algo-
rithm for the determination of the step length. The estimated biases (ϑ, ξ) were
removed from the calibrated data Γ˜ using equations (6.20) and (6.21). Finally, the
absorption and scattering reconstructions were computed with a total variation
regularized output least squares scheme similar to the method described in [145]
using the estimated (μa,0, μ′s,0) as the starting point in the reconstruction algo-
rithm. For comparison, absorption and scattering distributions were reconstructed
from the uncalibrated data as well. The reconstructed absorption and scattering
distributions are shown in Figure 6.3 where the middle column shows the recon-
structions from uncalibrated data and the right column shows the reconstructions
from calibrated data.
As it can be seen from Figure 6.3, the calibration improves the quality of the
reconstructed images significantly. Whereas the reconstructions from the uncal-
ibrated data are unclear with large perturbations near the boundary, the recon-























